We model an isolated quantum computer as a two-dimensional lattice of qubits (spin halves) with fluctuations in individual qubit energies and residual short-range inter-qubit couplings. In the limit when fluctuations and couplings are small compared to the one-qubit energy spacing, the spectrum has a band structure and we study the quantum computer core (central band) with the highest density of states. Above a critical inter-qubit coupling strength, quantum chaos sets in, leading to quantum ergodicity of eigenstates in an isolated quantum computer. The onset of chaos results in the interaction induced dynamical thermalization and the occupation numbers well described by the Fermi-Dirac distribution. This thermalization destroys the noninteracting qubit structure and sets serious requirements for the quantum computer operability.
Introduction
The key ingredient of a quantum computer [1, 2] is that it can simultaneously follow all of the computation paths corresponding to the distinct classical inputs and produce a final state which depends on the interference of these paths. As a result, some computational tasks can be performed much more efficiently than on a classical computer. Shor [3] constructed a quantum algorithm which performs large number factorization into prime factors exponentially faster than any known classical algorithm. It was also shown by Grover [4] that the search of an item in an unstructured list can be done with a square root speedup over any classical algorithm. These results motivated a great body of experimental proposals for a construction of a realistic quantum computer (see [1, 2] and references therein). At present, quantum gates were realized with cold ions [5] and the Grover algorithm was performed for three qubits made from nuclear spins in a molecule [6] . For a proper operability, it is essential for the quantum computer to remain coherent during the computation process. Hence, a serious obstacle to its physical realization is the quantum decoherence due to the coupling with the external world [7] [8] [9] . In spite of that, in certain physical proposals, for example nuclear spins in two-dimensional semia e-mail: dima@irsamc.ups-tlse.fr b UMR 5626 du CNRS conductor structures, the decoherence time can be many orders of magnitude larger than the time required for the gate operations (see for example Refs. [10, 11] ). As a result, one can analyze the operation of an isolated quantum computer decoupled from the external world.
However, even if the quantum computer is isolated from the external world and the decoherence time is infinite, a proper operability of the computer is not guaranteed. As a matter of fact, one has to face a many-body problem for a system of n interacting qubits (two level systems): any computer operation -a unitary transformation in the Hilbert space of size N H = 2 n -can be decomposed into two-qubit gates such as controlled-NOT and single qubit rotations [1, 2] . Due to the unavoidable presence of imperfections, the spacing between the two states of each qubit fluctuates in some detuning interval δ. Also, some residual interaction J between qubits necessarily remains when the two-qubit coupling is used to operate the gates.
In [12] [13] [14] an isolated quantum computer was modeled as a qubit lattice with fluctuations in individual qubit energies and residual short-range inter-qubit couplings. Similarly to previous studies of interacting many-body systems such as nuclei, clusters, complex atoms, quantum dots, and quantum spin glasses [15] [16] [17] [18] [19] [20] [21] [22] , the interaction leads to quantum chaos characterized by ergodicity of the eigenstates and level spacing statistics as in Random Matrix Theory [23] . The transition to chaos takes place when the interaction strength is of the order of the energy spacing between directly coupled states [15, [19] [20] [21] [22] . This border is exponentially larger than the energy level spacing in a quantum computer.
In this paper we show that the onset of chaos leads to occupation number statistics given by the Fermi-Dirac distribution. This means that a strong enough interaction plays the role of a heat bath, thus leading to dynamical thermalization for an isolated system. In such a regime, a quantum computer eigenstate is composed by an exponentially large (with n) number of noninteracting multiqubit states representing the quantum register states. As a result, exponentially many states of the computation basis are mixed after a chaotic time scale and the computer operability is destroyed. We note that the dynamical thermalization has been discussed in other many-body interacting systems in [16, 18, 20, 24] . In this paper we study, for the first time and for a model relevant for quantum computation, the dependence of the critical coupling for the onset of dynamical thermalization on the number of qubits. Our data give a first explicit illustration of the equivalence between the chaos border and the thermalization border.
The paper is composed as follows. In Section 2 we describe our qubit lattice quantum computer model [12] [13] [14] ; in Section 3 we discuss the statistical properties of the eigenvalues of this model; in Section 4 we study the occupation number distribution and compare different definitions for the effective temperature of the system; the conclusions are presented in Section 5.
The model
We consider a model of n qubits on a two-dimensional lattice with nearest neighbors inter-qubit coupling [25] . The Hamiltonian of this model, introduced in [12] , reads:
where the σ i are the Pauli matrices for the qubit i and the second sum runs over nearest-neighbor qubit pairs on a two-dimensional lattice with periodic boundary conditions applied. The energy spacing between the two states of a qubit is determined by [26] , arrays of quantum dots [27] or chains of nuclear spins [28] embedded in a two-dimensional electron system. Fluctuations in the values of δ i appear due to imperfections, e.g. local magnetic field fluctuations in the proposals [27, 28] . Since an inter-qubit coupling is required to operate two-qubit quantum gates, some residual static interaction J between qubits will be unavoidably present. This coupling can originate from spin-exciton exchange [28] , exchange interaction between spins of electrons trapped in neighboring quantum dots [27] , dipoledipole interaction between electron trapped near the surface of liquid helium [29] , etc. When the inter-qubit coupling is switched off, for example via a potential barrier created by a point contact gate in the quantum dots proposal [27] , some unavoidable residual interaction still remains. Therefore, the model (1) Here we focus on the case δ ∆ 0 , which corresponds to the situation where fluctuations induced by imperfections are relatively weak [13] . In this case, the unperturbed energy spectrum of (1) (corresponding to J = 0) is composed of n + 1 well separated bands, with interband spacing 2∆ 0 . Since the δ i randomly fluctuate in an interval of size δ, each band at J = 0 (except the extreme ones) has a Gaussian shape of width ≈ √ nδ [30] . The average number of states inside a band N B is of the order of N H /n = 2 n /n, so that the energy spacing between adjacent multi-qubit states inside one band is exponentially small: ∆ n ∼ n 3/2 2 −n δ. In the presence of a residual interaction J ∼ δ, the spectrum still has the above band structure with an exponentially large density of states. For J, δ ∆ 0 , the interband coupling is very weak and can be neglected. In this situation, the Hamiltonian (1) is, to a good approximation, described by the renormalized Hamiltonian
whereP k is the projector on the kth band, so that qubits are coupled only inside one band. We concentrate our studies on the central band. For an even n this band is centered exactly at E = 0, while for odd n there are two bands centered at E = ±∆ 0 , and we consider the one at E = −∆ 0 . The central band corresponds to the highest density of states, and in a sense represents the quantum computer core: an exponentially large number of states allows to take advantage of quantum parallelism in computer algorithms [1] [2] [3] [4] . On the other hand, quantum chaos and ergodicity first appear in this band, which therefore sets the limit for operability of the quantum computer. Inside this band, the system is described by the renormalized Hamiltonian H P which depends only on the number of qubits n and the dimensionless coupling J/δ. We note that the Hamiltonian (1) appears in different physical systems, for example spin glass models [22] . Also interactions of nuclear spins in molecules are described by Hamiltonian models of type (1), where the interaction has a long range character (see for example experiments in Ref. [31] ).
Spectral statistics
The results of references [12, 13] showed that the quantum chaos border in (1) corresponds to a critical interaction J c given by:
where C is some numerical constant. This border is exponentially larger than the energy spacing between multiqubit states ∆ n . This is in agreement with previous studies of complex interacting many-body systems [15, [19] [20] [21] [22] , in which the transition to quantum chaos takes place when the interaction matrix elements between directly coupled states become larger than their energy spacing. Since the interaction is of a two-body nature, each noninteracting multi-qubit state |ψ k has nonzero coupling matrix elements only with about n other multi-qubit states. Therefore, the number of directly coupled states is much smaller than the number of multi-qubit states inside the central band,
we consider the band with the number of spins up given by the integer part of n/2). These couplings induce transitions in an energy interval of order δ (we assume that J is of the order of or smaller than δ). Therefore the energy spacing between directly coupled states is ∆ c ∼ δ/n. The transition to chaos takes place for J = J c ≈ ∆ c , which leads to the relation (3). The transition to quantum chaos and ergodic eigenstates can be detected in the change of the spectral statistics of the system. A convenient way is to look at the level spacing statistics P (s), which gives the probability to find two adjacent levels whose spacing, normalized to the average level spacing, is in [s, s + ds]. In fact, P (s) goes from the Poisson distribution P P (s) = exp(−s) for nonergodic states to the Wigner-Dyson distribution P W (s) = (πs/2) exp(−πs 2 /4), corresponding to Random Matrix Theory, for ergodic states [23] . To analyze the change of P (s) with the coupling J one can conveniently use the parameter η = s0 [20] , where s 0 = 0.4729... is the first intersection point of P P (s) and P W (s). In this way P P (s) corresponds to η = 1 and P W (s) to η = 0. Figure 1 gives the dependence of the parameter η on the scaled coupling Jn/δ at different system sizes, for states near the middle of the energy spectrum (±5% of levels around the band center). In order to reduce statistical fluctuations, we use 3 ≤ N D ≤ 10 4 random realizations of δ i , J ij . In this way the total number of spacings N S is varied in the interval 3 ), n = 15 (diamonds, ND = 45), n = 16 (empty triangles, ND = 23), and n = 18 (filled triangles, ND = 3).The parameter η is computed for ±5% of states around the center of the energy band.
× 10
4 ≤ N S ≤ 1.2 × 10 5 . The Poisson to WignerDyson crossover becomes sharper when n increases, suggesting a sharp transition in the thermodynamic limit. We note that, since the number of random δ i , J ij values is not large, significant fluctuations are present in the η curves when one changes the random realization. For example, for n = 18, at J = 0.2δ, one has η = 0.44, 0.29, 0.06 in the N D = 3 random realizations considered. This reflects the general property of fluctuations which become stronger near the critical transition point. On the other hand, even if the number of considered spacings is always large, for n = 15, 16 and especially for n = 18, we have only a small number of random realizations, due to the very slow convergence of the Lanczos algorithm [32] near the band center, where the density of states becomes exponentially large. These fluctuations prevent us from precisely evaluating the critical scaled coupling for the Poisson to Wigner transition. The minimum spreading of curves is for η(J c ) ≈ 0.2, corresponding to J c n/δ ≈ 3.7, in agreement with the results of reference [13] . We stress that the chaos border is exponentially larger than the multi-qubit level spacing, e.g., for n = 18, J c ≈ 0.2δ
The level spacing statistics near the band center is shown in Figure 2 at different coupling strengths J for n = 16. The transition from the Poisson to the WignerDyson statistics is evident. In Figure 3 we show that, even away from the band center, the transition happens at approximately the same critical coupling. This is due to the fact that, even if the n-body density grows exponentially with the excitation energy, the density of coupled states remains roughly the same, except near the band edges [33] . We note that the data are shown only for half of the central band (E < 0), since the density of states is symmetric around E = 0 due to the presence of an upper bound in the single qubit energies. 
Dynamical thermalization
The transition in the level spacing statistics reflects a qualitative change in the structure of the eigenstates [12, 13] . While for J J c the eigenstates are very close to the quantum register states, for J > J c each eigenstate |φ m becomes a superposition of an exponentially large number of noninteracting eigenstates |ψ k . It is convenient to characterize the complexity of an eigenstate |φ m by the quantum eigenstate entropy
where W km is the probability to find the quantum register state |ψ k in the eigenstate |φ m of the Hamiltonian
. In this way S q = 0 if |φ m is a quantum register state (J = 0), S q = 1 if |φ m is equally composed of two |ψ i , and the maximum value is S q = log 2 N B if all states equally contribute to |φ m .
Above the chaos border (J > J c ) one eigenstate is composed of order 2
Sq quantum register states, mixed inside the Breit-Wigner width Γ ∼ J 2 /∆ c ∼ J 2 n/δ [13] . As a result, the residual interaction disintegrates a quantum register state over an exponentially large number of states after a chaotic time scale τ χ ≈ 1/Γ [13, 34] . After this time the quantum computer operability is certainly destroyed, unless one can apply quantum error-correcting codes (see [1, 2] and references therein) operating on a shorter time scale. This destruction takes place in an isolated system, without any external decoherence process. It happens due to inter-qubit coupling, which can mimic the effect of a coupling with the external world. In the following we show that in the quantum chaos regime a statistical description of our isolated n-qubit system is indeed possible, similarly to results found for other physical systems in [16, 18, 24] .
We concentrate on the distribution of the occupation numbers n i , defined as the probability that the qubit (spin) at the site i is in its up polarization state. Given an eigenfunction |φ m with eigenvalue E m , one can write:
wheren i is the occupation number operator, and the term ψ k |n i |ψ k equals 1 or 0 depending on whether the spin at the site i is up or down. For noninteracting qubits one can write, e.g. for the central band,
where
As n i (m) = 0, 1, the relations (6) are the usual ones used to derive the Fermi-Dirac distribution for an ideal gas of many noninteracting particles in contact with a thermostat. However, here we consider an isolated system of relatively few interacting particles. Nevertheless, recent studies [16, 18, 24] have demonstrated that interaction can play the role of a heat bath, thus allowing one to use a statistical description even in an isolated system with few particles. The Fermi-Dirac statistics appears due to the fact that the number of spins up/down is fixed and in this way they become equivalent, for the purposes of a statistical description, to electrons/holes. In Figure 4 we show the occupation number distribution, averaged over a few consecutive levels |φ m and over N D = 100 random realization of δ i , J ij , for n = 16 qubits, both in the integrable regime (top figures) and in the quantum chaos regime (bottom figures). We see that in both cases this averaged distribution is in very good agreement with the Fermi-Dirac distribution
where µ is the chemical potential and β = 1/T FD is the inverse temperature (we set k B = 1). Taking into account the constraint set by the fixed number of spins up
, T FD is the only fitting parameter. The goodness of the fit given by the expression (7) is hardly surprising as statistical distributions are obtained for noninteracting particles after a correct counting of states. In this procedure, a weak interaction gives a slight increase of the system temperature [18] .
A good agreement between the numerical data in Figure 4 and the theoretical distribution (7) does not mean that automatically there is equilibrium and thermalization for a given realization. This is outlined in Figure 5 , which shows the occupation numbers for a single eigenstate of a given random realization. In the upper figures (J = 0.03δ J c ≈ 0.2δ) a given eigenstate significantly projects only over a single quantum register state (S q < 1) and therefore half of the occupation numbers is close to 1, half close to 0, and the Fermi-Dirac distribution (7) is very far from the actual distribution. On the contrary, in the quantum chaos regime (lower figures, J = 0.3δ > J c ), where a large number of quantum register states are mixed in a single eigenstate, there is a good agreement between the occupation number distribution and the Fermi-Dirac distribution. In order to make quantitative the comparison with the Fermi-Dirac distribution, we introduce a parameter which measures the root mean square deviation of the actual distribution from (7):
For the case of We introduce the thermalization border J t as follows: for J < J t eigenstates close in energy yield completely different n i -distributions, for J > J t the n i -distribution is stable with respect to the choice of a specific eigenstate in a small energy window. The appropriate quantity to be considered in addition to σ FD is the root mean square deviation of the occupation numbers for consecutive eigenstates:
For the case of Lanczos algorithm [32] near the band edges, it was possible to consider a larger number of spins (n = 24, corresponding to a very large Hilbert space dimension N H ≈ 1.7×10 7 , with N B ≈ 2.7 × 10 6 levels in the central band). Figure 7 shows the parameters σ FD and σ s as a function of the energy, for different values of the coupling strength J. As for the transition to chaos (Fig. 3) , the thermalization occurs at approximately the same critical coupling also away from the band center. We note that our data give σ s ≈ √ 2σ FD , which can be easily under- stood as follows: 1) ), the last term in the sum becoming negligible after ensemble averaging. We stress that the very good agreement between the parameters σ FD and σ s implies that the Fermi-Dirac distribution emerges when the occupation number distribution is statistically stable, i.e. the system is thermalized. The curve for J = 0.05δ lowers near the band edge since for a small excitation energy δE a small number n eff ∼ (nδE/δ) 1/2 of spins ("fermions") is available for fluctuations in the vicinity of the Fermi level (see the note [33] ).
It is interesting to compare the temperature T FD obtained from the Fermi-Dirac fit with different definitions of temperature [16, 18, 24] , which are known to be equivalent at the thermodynamic limit. First of all we use the canonical expression
where E m are the exact eigenenergies of the interacting system. The very good agreement between T FD and T can (see Fig. 8 ) supports the validity of a statistical description for our isolated quantum computer model. This means that in such closed system the inter-qubit residual interaction plays the role of a heat bath in an open system. In particular, we expect that residual interaction mimics to a certain extent the effect of coupling to external world. Finally we compare the effective temperature T FD with the standard thermodynamic temperature T th , defined by where S th = ln ρ is the thermodynamic entropy, with ρ density of states (here E replaces E m ). A Gaussian fit,
, provides an excellent approximation to the actual data for the density of states, with the exception of the first few levels near the band edges. Therefore one gets T th = −σ 2 /E , with σ 2 variance of the Gaussian fit. Figure 8 shows that the difference between T th and T FD ≈ T can increases as one moves away from the band center. This is due to the fact that, contrary to the noninteracting case (see Eq. (6)), the actual system energy E is different from i n i δ i , since the total energy is renormalized due to interaction [18] . We remark that, not only on average but also for a single eigenstate of a given realization, the agreement between T FD and T can is good, while T th becomes closer to T FD and T can when the excitation energy increases. In the case of Figure 5 we obtain T FD = 0.08δ, T can = 0.07δ, T th = 0.19δ (top left), T FD = 0.15δ, T can = 0.16δ, T th = 0.24δ (top right), T FD = 0.09δ, T can = 0.08δ, T th = 0.22δ (bottom left), T FD = 0.20δ, T can = 0.19δ, T th = 0.29δ (bottom right). We also note that the effective temperature diverges at the band center and is negative in the upper part of the spectrum. This is typical of models with an upper bound in the single particle energies, in which the density of states has a maximum [35] .
The dependence of the thermalization parameter σ FD on the scaled coupling Jn/δ at different system sizes is shown in Figure 9 (very similar results are obtained for σ s / √ 2). Our data show that the crossover to a thermalized distribution sharpens when the number of qubits increases, in a way consistent with a sharp thermalization border in the thermodynamic limit, at J t n/δ ≈ 3.2. The similarity between the results of Figure 1 (J c n/δ ≈ 3.7) and Figure 9 leads us to the conclusion that the chaos border coincides with the thermalization border. This looks quite natural since the Poisson level spacing statistics indicates the existence of uncoupled parts in the whole system, thus preventing thermalization. On the contrary, in the chaotic regime each eigenfunction spreads over an exponentially large number N ≈ 2
Sq of quantum register states, resulting in the Wigner-Dyson statistics. In this regime the fluctuations of eigenstate components are Gaussian [18] and therefore, according to the central limit theorem, the fluctuations of the occupation numbers are small: ∆n i ∝ N −1/2 1. For this reason eigenstates close in energy give similar n i -distributions, which means that there is equilibrium in the statistical sense.
Conclusions
The results presented in this paper show that the residual inter-qubit coupling can lead to quantum chaos and a statistical description of the occupation numbers in close agreement with the Fermi-Dirac distribution. We stress that the transition to quantum chaos is an internal process which happens in a perfectly isolated system with no coupling to the external world. Nevertheless, the thermalization which appears in this closed system due to inter-qubit coupling can mimic the effect of an external thermal bath. Above the chaos/thermalization border the quantum register states are destroyed and exponentially many ideal multi-qubit states are mixed after the chaotic time scale τ χ . This phenomenon introduces both amplitude and phase errors and can give a number of serious restrictions for the quantum computer operability. Below the quantum chaos border only quantum phase errors play an important role [14] and thus this regime is more favorable for quantum computation. Recently, it has been shown that both type of errors can be corrected by certain good quantum error correcting codes [36] . However, in the presence of quantum chaos these codes can be much more complicated compared to the integrable regime. Also the implicit construction of such codes represents a significant challenge for quantum computation.
